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Systematic Cognitive Styke. The research approach is qualitative with a case study method. The

subjects were 31 PMTSs at one of the private universities in Surakarta
District, Central Java, Indonesia. Data collection methods were algebraic
thinking tests, the Cognitive Style Inventory (CSI) questionnaires, and
interview protocol. Four subjects, two PMTs for each cognitive style
category were interviewed to reveal their algebraic thinking abilities. The
results showed that all subjects were able to solve the functional thinking
problem correctly. However, for the generalization arithmetics and
justification problems, the PMTSs abilities are varied. In addition, the
finding also showed the different strategies of systematic and intuitive
subjects in solving the problems related to algebraic thinking
components. PMTs with a systematic cognitive style solve problems
systematically and represent the pattern verbally in the form of a table or
word, whereas the PMTs with an intuitive cognitive style solve the
problem briefly and visually using pictures pattern. In conclusion, there
is a relationship between algebraic thinking ability and cognitive style.

INTRODUCTION

Algebraic thinking is the ability to collect data from various contexts, represent it in words,
diagrams, graphs, tables, or equations, and then interpret the representation. Algebraic thinking
covers numbers concepts, calculation, symbolization, solving problems, and investigating patterns
and functions [1]. Algebraic thinking activity is the activity to develop algebraic thinking skills that
involve generalization, abstraction, dynamics thinking, analysis, modeling, and organization [2].
Algebraic thinking is also a reasoning process with generalizing, developing concepts, and
formulating methods [3].

Algebraic thinking has two parts: learning to think math and studying the basics of algebra.
Algebraic thinking also combines operating at the transformation, generalization, and global
meta-level [1]. Transformation involves factoring, substituting, adding, and multiplying
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polynomials, solving equations, and simplifying shapes. Generalization involves the process of
discovering patterns or shapes. Algebra is constructed by identifying patterns in a group of
objects. Finally, the global meta-level involves solving the problems, modeling, and the proof of
the theorem, which is unnecessary for the algebra symbols. Six forms of mathematical reasoning
contribute to the student’s success in algebra: generalization, abstraction, analysis, dynamics,
modeling, and organization [2]. Generalization, functional relation, numbers properties and
operations, and treatments of algebra numbers are the algebraic thinking components taught
directly and systematically in the classroom [4]. Using symbols and algebra connections, various
representations, patterns, and generalizations shape three components of algebraic thinking [5].
In addition, algebraic thinking has three components: modeling, general arithmetic, and function.
Modeling includes open sentences, equality, using variables, and the meaning of equal sign.
General arithmetic includes efficient numeric manipulation, simplifying calculation using
connection figures, relational thinking strategies, and generalizations [6]. Algebraic thinking
involves analysis of context through three activities: revealing information from a problem,
presenting information mathematics in notation mathematics in text, charts, graphs, tables, and
equations, and interpreting and applying findings mathematics [7].

Algebraic thinking is critical thinking that significantly helps students to solve the math
problem. Algebra is essential to study because it is beneficial in daily life [3]. Besides, algebraic
thinking also helps students to develop linguistics and representation to symbolize patterns,
analyze, draw, and relationships [8]. Algebraic thinking is a process for the students to make
comprehensive statements about symbols, patterns, and numbers in tables, pictures, diagrams, or
mathematical expressions [9]. A better understanding of math is also needed for reasoning
algebra [10]. In algebraic thinking, students are introduced to variables and symbols to simplify
mathematical sentences into mathematical modeling [11]. In this study, researchers use algebraic
thinking components developed by Blanton and Kaput: generalization of arithmetic, functional
thinking, and generalization and justification.

There is a difference between receive and process for solving problems with thinking
processes and algebra. Cognitive activities of the information obtained to produce new
representations are part of thinking creativity [12]. Cognitive style refers to information about
processing and receiving information [13]. Cognitive style is also a method of processing,
receiving, and responding the problems. Besides, cognitive style is thinking about patterns and
behavior that can influence learning and solution techniques [14]. Cognitive style systematically or
intuitively significantly affects thinking, learning, and determining the solution strategies and
defines by the liability to evaluate and solve problems [15].

Research that examines the ability of PMTSs’ algebraic thinking associated with systematic-
intuitive cognitive style is still limited. Therefore, this research focuses on revealing the PMTs’

algebraic thinking ability in terms of systematic-intuitive cognitive style.

METHOD

This study used the qualitative approach with the case study method. Thirty-one PMTs at
one of the private universities in Surakarta District, Central Java, Indonesia, participated as
subjects. Three instruments were used to collect the data: the algebraic thinking test, the CSI
questionnaire, and the interview protocol. The researchers adopt seven problems from the 2012
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PISA Released Mathematics Items [16]. The researchers composed seven problems: one
generalization arithmetic problem, three functional thinking problems, and three generalization
and justification problems. In this study, researchers used algebraic thinking components
developed by [4]. Before being used, two experts in mathematics education validated the algebraic
thinking test instrument. Based on the validation, researchers revised the problems based on the
validators’ comments. Next, the researchers piloted the test instruments to 12 PMTSs not included
in the research subjects. After the revision, the test instrument is ready for collecting the data.

Furthermore, researchers used a systematic-intuitive questionnaire adopted the CSI
questionnaire developed by [17] to classify the style of cognitive students. Then, the researchers
used the interview protocol to reveal the PMTs’ algebraic thinking processes deeply on each
cognitive style. Experts have also validated the interview protocol before being used.

In this study, out of the seven problems, the researchers analyzed three problems that
represent the algebraic thinking component according to Blanton and Kaput [4], as presented in
Table 1. Question 1 (Q1) represents the generalization arithmetic problem to reveal the PMTs’
abilities in determining the number of cars made from available materials. Question 2 (Q2)
represents the functional thinking problem to reveal the PMTSs’ abilities to determine point
corners from available patterns along the formula. Then, question 3 (Q3) represents the
generalization and justification problem to reveal the PMTs’ abilities to determine the amount of
white and blue tiles and their formulation.

Table 1. Algebraic Thinking Problems

NO QUESTION
Q1

- _
Toys car from orange peel is one of the traditional toys for Indonesian

children. The toy maker planned to make the toy car from orange peel
to share with the children in his neighborhood. The material to make
these cats are detailed in the table below:

Orange peel Orance
Material Stick for the body &
peel for tire
car
Materials needed to 3 2 4
make a toy car
Materials available 27 19 30
Determine the number of toys car that can be made from the available
materials!
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Q2 Given the geometry pattern as follows.

Figure 1 anuré 2 Figure 3 Figure 4
Figure 1 has 4 vertices, and Figure 2 has 7 vertices.

a. If 30 squares are arranged according to the Figures 1 to 4
pattern, determine the number of vertices! Explain your
method to solve the problem!

b. Determine the formula to explain the relationship between the
number of vertices and squares following the pattern in Figures
1 to 4!

Q3 A construction worker make a pattern of floor tile colored white and
blue with the rule as in the Figure below.

Determine:
a. The number of blue tiles to construct the floor tile pattern as in
Figure if 52 white tiles are available!
b. The number of white tiles to construct the floor tile pattern as
in Figure if 64 blue tiles are available!
c. The formulation of the relation between the number of blue
and white floor tiles!

Based on the results of the algebraic thinking test and CSI questionnaire of 31 PMTs, the
classification of PMTSs’ cognitive style is presented in Table 2.

Table 2. Summary of PMTs’ Cognitive Style
Cognitive Style = Many Students

Systematic 3
Intuitive 6
Integration 7
Indifferent 1
Splits 14

Based on the data in Table 2, researchers selected four subjects: two systematic subjects and two
subjects with intuitive cognitive styles. The criteria for subject selection is the result of an
algebraic thinking test. In this study, all subjects obtained the highest scores on their test. To
facilitate the data analysis, S1 and S2 coded the intuitive subjects, and systematic subjects were
coded by S3 and S4.

Data analysis was performed first by document analysis, i.e., analysis of the PMTs” answer
sheet in solving the problem related to algebraic thinking. In this step, researchers focused the
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analysis on the PMTSs’ steps and strategies to solve the problems. The researchers used the

assessment rubric in the analysis document in Table 3.

Table 3. Assessment Rubric Algebraic Thinking Instrument Test

Score Assessment Criteria
0 The solution steps and the answers are incorrect
1 The partial solution steps are correct, but the answer is incorrect.
2 The solution steps are correct, but the answer is incorrect.
3 The solution steps and the answers are correct.

Furthermore, the researchers interviewed subjects about the solution steps and strategies for
solving algebraic thinking problems. The interview is also intended to triangulate the PMTSs’
answers in documents, i.e., PMTs’ answer sheets.

RESULTS AND DISCUSSION
Results

Q1 reveals the PMTs' abilities in solving the generalization arithmetic problem, which
explores operations and relations on numbers and the relation between quantities. The results
showed that S1, S3, and S4 solved the Q1 correctly. Meanwhile, S2 was unable to perform the
solution steps properly. The example of the Q1 solution of S1 is presented in Figure 1.
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Figure 1. S1 Answer of Q1

Based on Figure 1, S1 used the strategy to determine the number of cars that can be made by
dividing the available materials by the material needed to make a car. Based on this strategy, S1
divided the available stick, 27 by 3, to get 9. The number of available car bodies is 19 divided by 2
to get 8 remainders 1. Furthermore, the number of available car tires is 30 divided by 4 to get 7
remainders 2. Based on the calculation, S1 concluded that the number of cars that can be made
with the available materials is seven.
Furthermore, the researchers interviewed S1 to reveal further the understanding to solve

Q1. The excerpt of the interview with S1 is presented as follows (R: Researcher).

R : "For question number 1, please explain your solution steps?"

S1: " For the number 1, it is known the information about the number of sticks, car body,

and car tires to make a toy car. I divide the stick by 3, the car body by 2, and the car tires by

4. After this calculation, seven toy cars can be made from all available materials.”

P: " Why do you use the division method like that ?”
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S 1: "The fast way, sit”.
Based on the interview and document analysis results, it can be concluded that S1 can explore the
operations and relations arithmetic for completing the problem-related generalization. Even
though S1 demonstrates the ability to solve problem-related generalizations, however, S2 is
unable to perform the solution steps properly. In other words, the intuitive subject's ability to
solve the problem related to generalization varies.

Furthermore, the S4 answer in solving Q1 is presented in Figure 2.
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Figure 2. S4 Answers of Q1

Based on Figure 2, the S4 writes the method to determine the number of toy cars that can be
made from available materials by dividing the available materials by the material needed for every
toy car. S4 divides the available car body, which is 19 by 2 to get 9 remaining 1, the car tires, 30
by 4 to get 7 remaining 2, and the stick, 27 by 3 to get 9. Based on the calculation, S4 concludes
that the number of toy cars that can be made based on available materials is seven.

Afterward, the researcher interviewed to reveal S4’s understanding of the solution steps in
solving Q1. The excerpt of the interview is presented as follows.

R: " Explain your strategy to solve Q1?7

S4: " For the number 1, the material needed to make a car is known. So, based on the

available material, I try to calculate the possibility of the number of toy cars that can be

made. I divide the stick by 3, the car body by 2, and the car tires by 4. After this calculation,
seven toy cars can be made from all available materials.”
Based on the interview and document analysis results, it can be concluded that S4 can explore
operations and relations arithmetic to solve a problem-related generalization. In other words, the
systematic subject can solve the problem related to generalization.

Subjects in solving Q1 use two strategies. The researchers called the first strategy used by
the intuitive subject is direct division method. In this method, the intuitive subject directly
divided the available materials by the materials needed to determine the toy cars that can be
made. After this, researchers called the second strategy used by systematic subjects the systematic
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method. In this strategy, systematic subjects solve Q1 by using problem-solving steps. First, the
subjects present the information on Q1 in the form of a table. Then, subjects write what is asked
in Q1. Afterward, subjects solve the problem by dividing the available materials and materials
needed to make a toy car. Finally, subjects conclude from the calculation results.

The problem of number 2, Q2, is used to analyze the PMTSs’ ability to functional thinking,
which is a process for finding geometry patterns. Based on the test results, all subjects can solve
Q2 using the appropriate solution steps and obtain the correct answer. The S2 answer in solving

Q2 is presented in Figure 3.
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Figure 3. S2 Answers of Q2

Based on Figure 3, S2 formerly drew the square pattern to determine the number of vertices on
the pattern formed. Then, S2 determines the difference in the number of vertices between
patterns is 3. Hence, S2 determines the number of vertices if a pattern is formed by n squares
using the arithmetic sequences: U , = ¢ + (n — 1), while 2 = the initial vertices and b = the
difference in the number of vertices between patterns. For n=30, by substituting « = 4, (n — 1) =
29, and b = 3, the result is 91. Finally, S2 determines the number of vertices if n squares form a
patternis U ,=a+ (n—1).
Furthermore, researchers interviewed to reveal S2’s understanding of the solution steps in
solving Q2. The excerpt of the interview is presented as follows.
R: " Explain your strategy to solve Q2?”
S2: " Number 2 (silent to read the question ). It is already known that the number pattern
in the question. For example, there are 30 squares arranged following the square pattern
formed. The first square pattern includes 4 vertices. The next patterns include 7, 10, 13,
and 16 vertices, so the difference in vertices between patterns is 3. So, for 30 squares
pattern can be determined by U =4 +3 30—-1),so0 U =4+ (3x29), and 4 + 87 =
91. The formulais Un =a + (n-1) b.”
Based on the interview and document analysis, it can be concluded that S2 can demonstrate
functional thinking ability, a process for finding geometry patterns.
Subsequently, the S3 answer to the Q2 problem is presented in Figure 4.
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Figure 4. S3 Answers of Q2

Based on Figure 4, S3 determines firstly the number of patterns that represent the number of
vertices and the differences of vertices on each pattern. To determine the number of vertices for
the 30 squares pattern, S3 used variables # to represent the number of vertices on the first
pattern, 4 to represent the differences between patterns, and # to represent the number of squares
on the pattern. Then, S3 formulates the pattern formed as the arithmetic sequences,a + (n— 1) b.
Afterward, S3 substitutes « = 4, » = 3, and » = 30 into the formula to obtain 91. Finally, S3 can
correctly formulate the number of vertices for the n squares pattern.

Furthermore, the researchers interviewed to reveal the S3 understanding of the solution
steps in solving Q2. The excerpt of the interview is presented as follows.

R: " How is your strategy to solve Q22"

S3: " I found patterns 4, 7, 10, 13, so I used the arithmetic sequence with « = 4, b = 3. If

there are 30 squares, that is » = 30. We can directly substitute to the arithmetic sequence

formula.”
Based on the interview and document analysis, it can be concluded that S3 has the ability of
functional thinking, a process to solve problems related to geometry patterns.

There are two strategies carried out by subjects to solve the Q2 problem. The intuitive
subject, S2, uses the picture to determine the pattern. S2 first visualizes the square pattern by
drawing the first, second, third, fourth, and fifth patterns. Subsequently, S2 identified the number
of vertices on each pattern and the differences of vertices between patterns to formulate the
pattern for z squares, that is, the arithmetic sequences Un = a + (n-1) b. In contrast, the
systematic subject, S3, uses the number pattern to identify the 7 squares pattern.

Question number 3, Q3, is used to reveal the PMTSs’ ability in generalization and
justification, which is a process for finding a pattern or shape. Based on the test results, S2 and S4
can solve Q3 using appropriate solution steps and obtain the correct answer. Meanwhile, S1 and
S3 partly solve the Q3 using appropriate solution steps so that the answers are incorrect. Figure 5

shows the S2 answer in solving Q3.
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Figure 5. S2 Answers of Q3

Based on Figure 5, S2 used the picture to determine the pattern of the white and blue tiles.
Firstly, S2  drew the first, second, third, and fourth patterns to visualize the tiles’ pattern.
Secondly, S2 identified the number of blue and white tiles on each pattern, that is 1 blue tile and
8 white tiles for the first pattern, 4 blue tiles and 12 white tiles for the second pattern, 9 blue tiles
and 16 white tiles for the third pattern, and 16 blue tiles and 20 white tiles for the fourth pattern.
Then, S2 determines the number of blue tiles using an arithmetic sequence if 52 white tiles are
available. Based on the calculation, the result is » = 12. S2 can also identify that the number of
blue tiles for the first pattern is 1°=1, the second is 22=4, and the third is 3°=9. So, the number
of blue tiles is n2 for the nth pattern. Then, for #=12, the number of blue tiles is 12 x 12 = 144.
For the 3b question, S2 can determine # if 64 blue tiles are available by determining the square
root of 64, 8. Unfortunately, S2 made an error in determining the number of white tiles for the n"
pattern by calculating 8 + 8 + 9 + 9 to obtain 34.

Furthermore, the researchers interviewed to reveal the S2 understanding of the solution
steps in solving Q3. The excerpt of the interview is presented as follows.

Q: " Explain your strategy to solve Q3.”

S2: "In question number 3, ask the number of tiles on the pattern. There is one blue tile for

the first pattern and 4, 9, and 16 blue tiles for the next pattern. So, the solution can be

solved by the formula Un = a + (n — 1) b. (silent) Un = 52, which means that there are 52
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white tiles. Hence, a = 8 is the white tiles in the first pattern. Then 52 = 8 + the
differences in the number of white tiles between patterns that is 4. After calculation of Un,
obtain n = 12. Then, the blue tiles can be determined by squaring 12 to obtain 144. For the
solution of number 3b, the number of white tiles required if there are 64 blue tiles, for
instance, n° represent the number of blue tiles, so for 64 blue tiles, the value of 7 is 8.
Hence, the number of white blue can be calculated by adding the number of white tiles on
each side of the square, thatis 8 + 8 + 9 + 9,50 16 + 18 = 34”
Q: " Why can it be 8 + 8, then 9 + 9 like that ?"
S2: "That is 8 from the right side of the square of tiles, and then 8 from the left side, but
the above side should be 10 and the bottom side also 10 white tiles. That is the error for 9
on the above and bottom sides. Hence, the number of white tiles is 36.”
Based on the interview and document analysis, it can be concluded that S3 demonstrates the
ability to use patterns in solving problem-related for generalization and justification.
Furthermore, the S4 answer in solving Q3 is presented in Figure 0.
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Figure 6. S4 Answers of Q3
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Figure 6 shows that S4 first represents the picture pattern of the problem in verbal representation
in the tabular form. Furthermore, based on the number pattern table compiled, S4 determines the
formula for each pattern obtained, namely the number of blue tiles with 7%, the number of white
tiles 4(n — 1), and the total number of tiles with (1 + 2)7. Based on the formula obtained, S4
can determine the number of blue tiles if there are 52 white tiles available using the formula
p=4(n-1) and substitution p=52 to get n=12. Next, S4 uses the formula b = n” to determine the
blue tile. By substitution n=12, the number of blue tiles is 144. Then, in solving problem number
3b, that is, the number of white tiles needed if there are 64 blue tiles available, S4 uses the
formula b = n”. For b=64, n = 8 is obtained. Then, S4 uses the formula p=4(n-1) to determine
the number of white tiles. Substitution n = 8 obtained p = 4 (8 + 1)=306. Thus, if there are 64
blue tiles, the number of white tiles is 36.

Furthermote, the researchers conducted interviews with S4 to reveal further S4's
understanding of the steps to solving the Q3 question. Excerpts from the interview with S4 are
presented as follows.

Q : "Explain how to solve problem number 3°"

S4 : "I determine first the number of blue tiles, the number of white tiles, and the total

number of tiles from Figure 1 and Figure 2. Then, I also try to find the pattern in Figure 3.

It forms a pattern of blue, white, and total tiles. In the solution of number 3a, if there are

52 white tiles available, it asks how many blue tiles. I suppose that the white tiles are p = 4 (

n + 1), then the pattern of total tiles is 9, 16, 25, and so on. I also assume the formula with

x = (n + 2)2 If there are 52 white tiles, how many blue tiles are there? Look for the 52

white tiles; which picture pattern is this? then substituted into the formula p =4 (n + 1) we

get n = 12. Therefore, the number of blue tiles in Figure 12 uses the formula b = n?

meaning that 122 yields 144 blue tiles. Solving problem 3b is also similar to solving problem

3a. In problem 3b, there are 64 blue tiles. First, substituted into the formula b = n? namely

64 = n? obtained n = §, it means that the 8th picture pattern. Then the number of white

tiles in the 8th picture patternis p = 4 (n + 1), equal to 4 (8 + 1) so that 36 white tiles are

obtained.”
Based on interviews and document analysis, it can be concluded that S4 can use patterns to solve
problems related to generalization and justification. In this case, S4 presents the picture pattern of
the problem in the form of a verbal representation to solve the problem.

The subject uses two strategies to solve question 3 regarding generalization and
justification. The first strategy is carried out by intuitive subjects, namely, using visual
representation to identify patterns. The second strategy is carried out by systematic subjects,
namely by presenting picture patterns in the form of verbal representations and patterns in tables

and sentences.

Discussion

The results of the data analysis showed that the subject's ability to solve problems
related to the components of algebraic thinking with intuitive and systematic cognitive styles
varied. The two intuitive subjects have different abilities in solving problems related to arithmetic
generalizations as well as generalizations and justifications. However, on questions related to
functional thinking, the two intuitive subjects demonstrated the ability to solve them correctly.
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Furthermore, both systematic subjects demonstrated the ability to solve problems related to
arithmetic generalizations and functional thinking. However, in solving questions related to
generalization and justification, the abilities of the two subjects differed.

In addition to differences in the ability to solve problems for each component of
algebraic thinking, the strategies used by intuitive and systematic subjects are also different. On
problems related to arithmetic generalizations, intuitive subjects immediately perform calculation
operations from the data in the questions. Meanwhile, systematic subjects are more systematic in
solving problems using problem-solving procedures from Polya. Furthermore, intuitive subjects
tend to solve problems related to functional thinking components as well as generalizations and
justifications using picture patterns. Meanwhile, systematic subjects tend to use number patterns
to solve problems.

Research related to differences in abilities and strategies in solving problems in intuitive
and systematic subjects is also supported by previous research. Research by [18] showed
differences in algebraic thinking activities in subjects with systematic and intuitive cognitive styles
in identifying and describing pattern components. The systematic subject determines the
differences between terms in the sequence in identifying number patterns, while the intuitive
subject did not use this step. Furthermore, systematic subjects use more systematic steps when
determining each term in a number sequence, while intuitive subjects use trial and error. Research
by [19] also showed that there are different approaches to relational problem-solving used by
students with a systematic and intuitive cognitive style. Students with systematic and intuitive
cognitive styles can fulfill all indicators of problem-solving. However, intuitive subjects solve
problems in ways that cannot be predicted by using more straightforward calculations.
Furthermore, the results of other studies also showed that subjects with a systematic cognitive
style have more systematic and detailed characteristics by paying attention to every piece of
information in the problem as a whole in solving math problems [20]. In contrast, intuitive
subjects use a shorter way of solving problems.

Other research by [21] also showed that students with a systematic cognitive style like
order and detail take longer to solve problems. In contrast, students with intuitive cognitive styles
tend to solve math problems quickly and without much thought. Students with a systematic
cognitive style recognize all information and record it on the answer sheet, while students with an
intuitive cognitive style recognize all information but do not record it [22]. Another difference is
found in students' systematic subjects solving questions using tables, while intuitive subjects solve
problems with picture representations. In line with research by [23], subjects with a systematic
cognitive style in solving mathematical problems tend to represent the problems verbally, while
subjects with an intuitive cognitive style tend to represent the problems visually.

The development of algebraic thinking is needed to help students solve math problems,
especially those related to problems in everyday life. Therefore, teachers must use appropriate
learning strategies to develop students' algebraic thinking skills. Learning that emphasizes the
development of ideas and encourages students to be more active in problem-solving can help
improve students' algebraic thinking skills [24].

CONCLUSION
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PMTs' algebraic thinking abilities regarding systematic and intuitive cognitive styles are
diverse. On problems related to arithmetic generalizations, systematic subjects demonstrated the
ability to solve problems correctly and use systematic solution steps, whereas intuitive subjects
have more diverse abilities and use solving strategies using direct division. On problems related to
functional thinking, both systematic and intuitive subjects demonstrated the ability to solve
problems. However, there are differences regarding solution strategies. Intuitive subjects use
pictures or visual representations to identify patterns, while systematic subjects use number
patterns or numerical or verbal representations. Then, on problems related to generalization and
justification, the ability of systematic and intuitive subjects varies. However, the solving strategy
used is almost the same as in functional thinking problems, namely, using visual representations
of picture patterns on intuitive subjects and numerical or verbal representations on systematic
subjects. Although the results of this study provide valuable information regarding PMTS'
algebraic thinking skills based on cognitive style, further identification regarding the factors that
influence the diversity of abilities and problem-solving strategies related to algebraic thinking
needs to be studied further.
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